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We study the thermalization of an ensemble of N elementary, arbitrarily-complex, quantum sys-
tems, mutually noninteracting but coupled as electric or magnetic dipoles to a blackbody radiation.
The elementary systems can be all the same or belong to different species, distinguishable or indistin-
guishable, located at fixed positions or having translational degrees of freedom. Even if the energy
spectra of the constituent systems are nondegenerate, as we suppose, the ensemble unavoidably
presents degeneracies of the energy levels and/or of the energy gaps. We show that, due to these
degeneracies, a thermalization analysis performed by the popular quantum optical master equation
reveals a number of serious pathologies, possibly including a lack of ergodicity. On the other hand, a
consistent thermalization scenario is obtained by introducing a Lindblad-based approach, in which
the Lindblad operators, instead of being derived from a microscopic calculation, are established as
the elements of an operatorial basis with squared amplitudes fixed by imposing a detailed balance
condition and requiring their correspondence with the dipole transition rates evaluated under the
first-order perturbation theory. Due to the above-mentioned degeneracies, this procedure suffers a
basis arbitrariness which, however, can be removed by exploiting the fact that the thermalization of
an ensemble of noninteracting systems cannot depend on the ensemble size. As a result, we provide
a clear-cut partitioning of the thermalization time into dissipation and decoherence times, for which
we derive formulas giving the dependence on the energy levels of the elementary systems, the size
N of the ensemble, and the temperature of the blackbody radiation.
I. INTRODUCTION
The study of open quantum systems [1, 2] is crucial
for a modern understanding of the foundations of quan-
tum mechanics, and finds numerous applications in fields
such as solid state physics, quantum optics, and quan-
tum computation, where questions about decoherence
and dissipation are of theoretical and practical impor-
tance. In particular, the call for nonunitary evolutions
designed to perform quantum operations, like purifica-
tion via, e.g., quantum adiabatic algorithms [3], or cool-
ing via, e.g., thermalization [4], raises issues on the pos-
sibility of preparing a large system of N qubits in its
ground state [5].
In the above and other situations, one deals with the
problem of evaluating the thermalization time τ of a
quantum many-body system in contact with a thermal
reservoir. To be more precise, let H be the Hamiltonian
of the isolated many-body system and ρ(t) its reduced
density matrix operator at time t, when interacting with
a thermal reservoir at temperature T . Ordinary quantum
statistical mechanics postulates that, upon reaching ther-
mal equilibrium, the system acquires two main features:
(a) it becomes an incoherent mixture of its eigenstates,
i.e., for t → ∞, ρ(t) becomes diagonal in any eigenba-
sis of H; and (b) the Gibbs distribution is attained, i.e.,
ρ(t)→ ρ(eq) = e−βH/tr(e−βH), where β = 1/(kBT ), kB
being the Boltzmann constant. Two natural questions
then arise: Given T , and given the initial density ma-
trix operator ρ(0), how can ρ(t) evolve toward the Gibbs
distribution? and What are the typical relaxation times
τ (Q) and τ (P ) required for (a) and (b) to be established,
respectively?
A milestone approach to open quantum systems is pro-
vided by the Lindblad equation [6, 7]. A crucial point in
the Lindblad equation is the choice of the involved Lind-
blad operators. As long as these operators remain un-
specified, we refer to the Lindblad class. More precisely,
we have a Lindblad class for any given system character-
ized by its Hamiltonian H. It is known that there is no
Lindblad equation able to reproduce the exact evolution
of ρ(t), for the dynamics of an open system is never really
linear in ρ(t) [8, 9]. Nevertheless, a Lindblad equation
can provide an effective description in terms of a coarse
grained dynamics, if the correlation time of the environ-
ment is much shorter than the correlation time of the
isolated system [10]. By varying the choice of the Lind-
blad operators in the Lindblad class, one can span a large
variety of different Lindblad equations, among which an
optimal one can be found in terms of closeness to the
real ρ(t) of the given system and environment. We call
this method of determining the optimal Lindblad equa-
tion once the Lindblad class has been postulated, the
Lindblad-based approach (LBA). The optimization pro-
cedure could require nontrivial conditions to be imposed.
Parallel to the LBA, there exists a more physically
motivated method for proceeding, namely, a microscopic
derivation. Given the system, the environment, and the
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2system-environment Hamiltonians, by explicit calcula-
tions one obtains an equation for ρ(t) that belongs to
the Lindblad class with the Lindblad operators fully de-
termined. A celebrated example is the quantum optical
master equation [1, 2], which describes the dipole inter-
action of a system with a blackbody radiation. However,
in the microscopic derivation a series of approximations
is introduced in order to reach an equation that belongs
to the Lindblad class. Even if these approximations are
physically sound, their validity is, in general, out of con-
trol. It may happen that, even if the equation resulting
from the microscopic derivation belongs to the Lindblad
class, it does not coincide with the Lindblad equation
found in the LBA.
In this paper, we study the approach to equilibrium
of an ensemble of N noninteracting elementary quan-
tum systems coupled as electric or magnetic dipoles to
a blackbody radiation. As long as the interaction with
the radiation can be effectively reduced to dipolar terms
only, the elementary systems can be arbitrarily complex.
They can be all the same or belonging to different species,
distinguishable or indistinguishable, located at fixed po-
sitions or moving in a lattice or in a box. Examples range
from a pure gas [11] or a mixture [12] of chiral molecules
at a low density, to a chipset of superconducting flux
qubits [13]. Ensembles of N mutually noninteracting sys-
tems are nontrivial when coupled to an environment. As
far as we know, there are no explicit formulas describing
their relaxation times to equilibrium when N > 1. Note
that here the problem is not merely mathematical (there
are excellent methods to solve a given Lindblad equation
when H is quadratic and the Lindblad operators propor-
tional to one-body jump terms [14, 15]); we are faced with
the more basic problem of how to completely determine
the Lindblad operators. We also compare the Lindblad
equation obtained in our approach with the quantum op-
tical master equation and show that, whereas the former
provides a thermalization scenario consistent with phe-
nomenology, the latter has pathological behaviors. This
proposes the LBA also for studying interacting systems
where many-body jump operators are involved [16, 17].
II. METHODS
For a system with a nondegenerate energy spectrum,
the LBA is relatively simple. Suppose that the system in-
teracts with a blackbody radiation. We define an optimal
Lindblad equation by three steps: (a) choose the Lind-
blad operators as the jump operators among all possible
energy levels of the isolated system, (b) impose a de-
tailed balance condition (existence of the Gibbs station-
ary state) among the squared amplitudes of these jump
operators, and (c) evaluate the latter squared amplitudes
as the rates for dipole transitions. The Lindblad equation
obtained in this way coincides with the quantum optical
master equation and respects the basic properties: (p1)
the stationary state (SS) is unique, and (p2) the SS co-
incides with the Gibbs state.
For ensembles of N noninteracting systems, even if
each system has nondegenerate energy spectra, the pro-
cedure, steps (a)–(c), cannot be repeated unaltered, for
the spectrum of the ensemble is degenerate (if two or
more systems have equal spectra) and the eigenbasis of
the ensemble Hamiltonian is not unique. When degen-
eracies are present, there are infinite ways to define the
Lindblad operators associating them with the infinite dif-
ferent eigenbases. Each choice can give rise to different
thermalization times. However, we can remove this ar-
bitrariness by selecting a particular eigenbasis (and cor-
responding Lindblad operators) and constructing with it
a Lindblad equation as above, if we impose a further
obvious property: (p3) in an ensemble of N equal but
distinguishable noninteracting systems, the thermaliza-
tion time does not depend on N . The resulting Lindblad
equation, besides respecting (p1)-(p3), provides the fol-
lowing scenario. There exist two natural characteristic
times, τ (P ), representing the time by which the system
loses or gains energy, and τ (Q), representing the time
by which the system loses quantum coherence. We have
τ = max{τ (P ), τ (Q)}, and for β finite and N large enough
we find: (p4) τ (Q) ≤ τ (P ), (p5) τ (Q) = O(1/N), and (p6)
τ (P ) = O(1) for distinguishable systems (equal or not)
and, at low enough densities, for indistinguishable sys-
tems too [note that (p5) and (p6) are consistent with
(p3): τ = O(1)]. We provide explicit formulas for τ (P )
and τ (Q) in the case of distinguishable systems. Depend-
ing on the degree of degeneracy, the quantum optical
master equation does not satisfy some or all of the above
properties.
A. Lindblad-based approach
Consider a generic system described by a Hermitian
Hamiltonian operator H acting on a Hilbert space H
of dimension M . We assume that the eigenproblem,
H|m〉 = Em|m〉, has discrete, nondegenerate, eigenval-
ues. The set of the corresponding eigenstates {|m〉} is an
orthonormal basis in H . We arrange the eigenvalues in
ascending order E1 < E2 < · · · < EM .
When the system is coupled to a thermal reservoir, we
assume that its reduced density matrix operator ρ(t) is
determined by a generic Lindblad class equation [6, 7]
dρ
dt
= − i
~
[H ′,ρ] +
∑
α
(
LαρL
†
α −
1
2
{
L†αLα,ρ
})
.
(1)
In this equation, the coherent part of the evolution is
represented by the Hermitian operator H ′, which, in
general, differs from the isolated system Hamiltonian H.
The Lindblad, or quantum jump, operators Lα are, for
the moment, completely arbitrary. Even their number is
arbitrary but can always be reduced to M2 − 1 [18].
The set of M2 dyadic operators {|m〉〈n|} forms an
orthonormal basis in the space of the operators acting
3on H equipped with the Hilbert-Schmdit scalar product
〈O1,O2〉 = Tr(O†1O2). In the case of dipolar interac-
tions, and within the first-order time-dependent pertur-
bation theory, diagonal transitions |n〉 → |n〉 are for-
bidden [19], so that the above set reduces to the set of
the M(M − 1) non diagonal dyadic operators. We then
identify this set as the set of the Lindblad operators of
Eq. (1), namely,
Lα → Lm,n = `m,n|m〉〈n|, m 6= n. (2)
The meaning of the M2 complex coefficients `m,n is made
clear soon. Note that, if the spectrum of H has degen-
eracies, the eigenbasis {|m〉} is not unique and neither
are the jump operators. In this case, one should mod-
ify definition (2) in such a way that the resulting theory
is invariant under a change of the basis {|m〉}. We will
discuss this point elsewhere.
Let us denote 〈m|ρ|n〉 = ρm,n and 〈m|H ′|n〉 = H ′m,n.
On imposing that ρ(eq) is a stationary solution of Eq. (1)
with jump operators (2), namely, that property (p2) is
satisfied, we get H ′m,n = E
′
mδm,n and
|`m,n|2 = Cm,ne−
β
2 (Em−En), (3)
with Cm,n = Cn,m ≥ 0; see Appendix A for details. It
follows that the M diagonal elements ρm,m have an evo-
lution decoupled from that of the M(M −1) off-diagonal
terms ρm,n, m 6= n, which, in turn, are decoupled from
each other [20].
On defining p as the M -dimensional vector with com-
ponents pm = ρm,m, we have the Pauli equation [21]
dp(t)/dt = −A p(t), (4)
where A is the M ×M matrix with components
Am,n = Bmδm,n − |`m,n|2, (5)
Bm =
∑
j
|`j,m|2. (6)
Equation (4) is a master equation for the populations
pm, dpm/dt =
∑
n [pnWn→m − pmWm→n], with proba-
bility rates Wm→n = |`n,m|2. We conclude that |`n,m|2
represents the probability rate of the |m〉 → |n〉 transi-
tion’s occurring as a consequence of the interaction with
the reservoir. In the weak-coupling limit, these rates can
be calculated using the time-dependent perturbation the-
ory. In this way, the matrix elements Cm,n of Eq. (3) can
be fully determined.
The M(M − 1) off-diagonal elements of ρ evolve inde-
pendently of each other as
dρm,n(t)/dt = −µm,nρm,n(t), m 6= n, (7)
i.e., they relax to 0 at rates
µm,n =
i
~
(E′m − E′n) +
1
2
(Bm +Bn) . (8)
B. Thermalization time
The characteristic relaxation time by which ρ(t) ap-
proaches ρ(eq)—the thermalization time, for brevity—
depends on both Eq. (4) and Eq. (7).
The evolution described by Eq. (4) is determined by
the spectrum of the matrix A. One can prove [17] some
general properties of A, independently of the particular
values assumed by the matrix elements Cm,n. First of
all, A is diagonalizable and has M real eigenvalues, pos-
sibly degenerate. It certainly has a zero eigenvalue cor-
responding to the imposed stationary solution, by virtue
of
∑
mAm,n = 0, a manifestation of the fact that trρ(t)
is constant. Under fair conditions of the elements Cm,n,
which are expected to hold true for a nondegenerate H,
this eigenvalue is nondegenerate, i.e., property (p1) is
satisfied, whereas all the other eigenvalues are positive.
In conclusion, the M eigenvalues of A can be ordered as
0 = µ1(A) < µ2(A) ≤ . . . ≤ µM (A), and the relaxation
time characterizing Eq. (4) is 1/µ2(A).
Concerning the relaxation times of the off-diagonal el-
ements ρm,n, m 6= n, as stated by Eq. (8), these are
trivially given by 1/Reµm,n. The largest among these
times is 2/minm 6=n{Bm +Bn} = 2/(B(1) +B(2)), where
B(k) indicates the kth smallest value among the set
{B1, B2, . . . , BM}.
We conclude that the thermalization time τ of our sys-
tem can be defined as
τ = max
{
τ (P ), τ (Q)
}
, thermalization time; (9a)
τ (P ) = 1/µ2(A), dissipation time; (9b)
τ (Q) = 2/
(
B(1) +B(2)
)
, decoherence time. (9c)
The natural interpretation is that τ (P ) represents a char-
acteristic time by which the system exchanges energy
with the environment, whereas τ (Q) represents a char-
acteristic time by which the system loses quantum co-
herence due to the interaction with the environment.
III. RESULTS AND DISCUSSION
A. Coupling a single system to blackbody radiation
We can apply the above general scheme to the case
in which the environment is a blackbody radiation and
the system consists of K qubits (spin 1/2). The system-
environment interaction is mediated by emission and ab-
sorption of photons via the (squared) dipole matrix ele-
ments Dm,n. By using |`n,m|2 = Wm→n, we have [19]
Cm,n = Dm,n
|Em − En|3
2 sinh
(
β
2 |Em − En|
) , (10)
4with
Dm,n = γ
∑
h=x,y,z
∣∣∣∣∣〈m|
K∑
i=1
σhi |n〉
∣∣∣∣∣
2
, γ =
4µ2
3~4c3
. (11)
Note that Cm,m = 0. Equation (11) is obtained suppos-
ing that the size of the system is small with respect to the
radiation length 2pi~c/|Em − En|, so that a fully coher-
ent interaction between spins and radiation takes place.
More general expressions can be adopted for partially or
fully incoherent interactions [22].
B. Coupling N distinguishable noninteracting
systems to blackbody radiation
We now focus on the thermalization of an ensemble of
N systems, mutually noninteracting and distinguishable.
For simplicity, we consider all equal systems, the results
being easily generalized to mixtures. Let us examine in
detail the case N = 2. The Hamiltonian of the ensem-
ble is H(2) = H ⊗ I + I ⊗H, where H is the M ×M
Hamiltonian matrix of the single system having a non-
degenerate spectrum and I the M ×M identity matrix.
We have H(2)|m,n〉 = Em,n|m,n〉 with Em,n = Em+En
and |m,n〉 = |m〉 ⊗ |n〉. Note that the eigenvalues of
H(2) are degenerate, even if those of H are not. It fol-
lows that we could choose orthonormal systems of eigen-
vectors different from {|m,n〉}. For instance, we have
Em,n = En,m and the corresponding subspace spanned
by |m,n〉 and |n,m〉, could be equivalently spanned by
the Bell states (|m,n〉 ± |n,m〉)/√2. However, this new
eigenbasis, as well as any other eigenbasis with the excep-
tion of the product states {|m,n〉}, would introduce an
effective system-system correlation leading to a violation
of property (p3). This will be explicit in the decoupling
of Eq. (16), below, which can take place only for the basis
{|m,n〉}. We conclude that {|m,n〉} is the unique eigen-
basis of H(2) in which (p3) can be satisfied, and the LBA
applied as before.
In parallel to Eq. (2), we now choose jump operators
Lα → Lm,n;p,q = `m,n;p,q|m,n〉〈p, q|. (12)
On imposing that the reduced density matrix operator
of the ensemble is the Gibbs SS e−βH
(2)
/tr(e−βH
(2)
), ev-
erything follows as in the case of a single system, just
doubling the eigenstate indices. We have |`m,n;p,q|2 =
Cm,n;p,qe
− β2 (Em,n−Ep,q) with Cm,n;p,q = Cp,q;m,n ≥ 0.
The diagonal elements ρm,n;m,n evolve according to a
Pauli equation analogous to Eq. (4) with a matrix A(2)
having components
A(2)m,n;p,q = Bm,nδm,pδn,q − |`m,n;p,q|2, (13)
Bm,n =
∑
j,k
|`j,k;m,n|2. (14)
The off-diagonal elements ρm,n;p,q, m 6= p or n 6= q,
evolve according to equations analogous to Eq. (7) at
rates
µm,n;p,q =
i
~
(E′m,n − E′p,q) +
1
2
(Bm,n +Bp,q) . (15)
In the case of N = 2 systems, each consisting of K qubits
coupled to a blackbody radiation, the matrix elements
Cm,n;p,q are given by an expression analogous to Eq. (10)
with Dm,n;p,q = γ
∑
h=x,y,z(|〈m,n|
∑K
i=1 σ
h
i |p, q〉|2 +
|〈m,n|∑2Ki=K+1 σhi |p, q〉|2). It can be shown that this de-
composition holds actually in a generic eigenbasis of H
if we assume that the spin-radiation interaction is coher-
ent within each system but the systems are at a distance
larger than the radiation length [22].
In the basis {|m,n〉}, the dipole elements Dm,n;p,q
(independently of their form: coherent, incoherent or
mixed) admit a system-index decoupling and we have
Cm,n;p,q = Cm,pδn,q + Cn,qδm,p, (16)
where Cm,n are the single-system nonnegative symmet-
ric matrix elements, (10). Equation (16) also implies that
Bm,n = Bm +Bn. It follows that A
(2) = A⊗ I + I ⊗A.
It is easy to check that no eigenbasis other than {|m,n〉}
permits this reduction. For example, in the case of
the Bell states, in place of Eq. (16) we would have
Cm,n;p,q = (Cm,pδn,q+Cn,qδm,p+Cm,qδn,p+Cn,pδm,q)/2.
Whereas Eq. (16) corresponds to one-body jump oper-
ators Lm,n;p,q, the latter expression corresponds to a
mixture of two one-body jump operators where A(2) 6=
A⊗ I + I ⊗A.
The matrix A(2) = A⊗ I + I ⊗A has M2 eigenvalues
related to the M eigenvalues of the single-system matrix
A by
µj,k(A
(2)) = µj(A) + µk(A), j, k = 1, 2, . . . ,M. (17)
Since µ1(A) = 0 is nondegenerate, A
(2) has a unique zero
eigenvalue. All the other eigenvalues of A(2) are positive,
and the smallest one of them coincides with µ2(A). This
smallest non zero eigenvalue ofA(2) is 2d-fold degenerate,
if d is the degeneracy of µ2(A).
From Eq. (15) we get
min
m6=p or n6=q
Reµm,n;p,q = 3B(1) +B(2). (18)
The above analysis is straightforwardly extended to
an ensemble of N all equal systems with Hamiltonian
H(N) = (H⊗I⊗· · ·⊗I)+(I⊗H⊗· · ·⊗I)+ · · ·+(I⊗
I⊗· · ·⊗H). The result is: τ (P ) = 1/µ2(A) independent
of N , and τ (Q) = 2/((2N − 1)B(1) +B(2)), decreasing as
1/N . For a sufficiently large N and finite temperature,
we have τ = max{τ (P ), τ (Q} = τ (P ), independent of N .
C. Free spins in a magnetic field
As an example, consider a system of N independent
spins located at different fixed positions, in the presence
5of a uniform magnetic field of strength Γ oriented along
the x axis. The Hamiltonian of the single spin is H =
−Γσx and has a nondegenerate spectrum, namely, E1 =
−Γ and E2 = Γ with eigenvectors |1〉 = |+〉 and |2〉 =
|−〉, where σx|±〉 = ±|±〉. We have D1,2 = D2,1 = 2γ
and C1,2 = C2,1 = 2γ(2Γ)
3/(eβΓ − e−βΓ), which lead to
A =
2γ(2Γ)3
eβΓ − e−βΓ
(
e−βΓ −eβΓ
−e−βΓ eβΓ
)
. (19)
The two eigenvalues of A, both nondegenerate, are
µ1(A) = 0 and µ2(A) = (2γ(2Γ)
3)/ tanh(βΓ). Since the
N spins are distinguishable by virtue of their different
fixed position, we conclude that
τ (P ) =
tanh(βΓ)
2γ(2Γ)3
, (20)
τ (Q) =
sinh(βΓ)
γ(2Γ)3 (sinh(βΓ) +Ne−βΓ)
. (21)
As a further example of independent systems with dif-
ferent spectra, in Appendix B we provide the expressions
of τ (P ) and τ (Q) for the above ensemble of N spins in a
spatially periodic magnetic field. In this case, τ (P ) be-
comes independent of N only for N large.
D. Coupling N indistinguishable noninteracting
systems to blackbody radiation
In this case, the laws of quantum mechanics select ei-
ther totally symmetric or totally anti-symmetric eigen-
vectors, if the systems are bosonic or fermionic, respec-
tively. As a consequence, the degeneracy of the spec-
trum of H(N) is greatly reduced even if not completely
eliminated. Consider, for example, a system (bosonic or
fermionic) whose Hamiltonian H has four levels E1 <
E2 < E3 < E4 such that E1 + E4 = E2 + E3. The
Hamiltonian H(2) of the ensemble has symmetrized or
antisymmetrized eigenvectors which are twofold degen-
erate. However, the origin of this degeneracy is different
from that of the unavoidable degeneracies which appear
for distinguishable systems. It is due to the occurrence of
particular relations among the levels of H, which have to
be regarded as rather uncommon. Typically, the basis of
H(N) is unique and the LBA well defined. As observed,
however, this unique eigenbasis is not made by product
states of single-system eigenstates, and, from what we
have learned in the case of distinguishable systems, only
(p1) and (p2) can be satisfied, whereas τ can be indepen-
dent of N only in the limit of low densities. Yet, property
(p4) holds unchanged [17], and we expect that also (p5)
and (p6) still apply.
Pathologies of the microscopic derivation. In the Lind-
blad equation resulting from the microscopic derivation,
for an ensemble of N noninteracting systems described
by the Hamiltonian H(N), instead of Eq. (2) one has
(see Eqs. (3.120) and (3.143) in Ref. [1])
Lα → A(ω) =
∑
m(N),n(N):
E
n(N)
−E
m(N)
=~ω
Am(N),n(N) |m(N)〉〈n(N)|, (22)
where H(N)|m(N)〉 = Em(N) |m(N)〉. The symbol A(ω)
is borrowed from [1] and should not be confused with
the matrix A used before in our Pauli equation. Note
that, even in the presence of level degeneracies, the ba-
sis {|m(N)〉} used in Eq. (22) is arbitrary. In fact, the
operator A(ω) is invariant with respect to a change of
the eigenvectors of H(N). For simplicity, let us focus
on N = 2 noninteracting, equal but distinguishable,
systems, each having a nondegenerate spectrum with
two levels, E1 < E2. As the eigenbasis to be used in
Eq. (22), let us choose the product eigenstates, |m(2)〉 =
|m,n〉 = |m〉 ⊗ |n〉, with m,n ∈ {1, 2}. There are only
two possible positive values of ω (and two corresponding
negative values for which identical considerations hold):
~ω1 = E2 − E1 and ~ω2 = 2(E2 − E1). Whereas for the
latter we have A(ω2) = A1,1;2,2|1, 1〉〈2, 2|, for the former
we find A(ω1) = A1,1;1,2|1, 1〉〈1, 2| + A1,1;2,1|1, 1〉〈2, 1| +
A1,2;2,2|1, 2〉〈2, 2| + A2,1;2,2|2, 1〉〈2, 2|. We see that each
Lindblad operator A(ω) can be the sum of more dyadic
operators and this happens in correspondence with level
degeneracies. By a similar example with three energy
levels, it is easy to see that also gap degeneracies lead to
extra dyadic operators. In other words, Eq. (22) intro-
duces correlations among the single-system eigenstates
which can lead to violations of properties (p1)–(p3). Ul-
timately, these correlations are an artifact due to the ap-
proximations used in the microscopic derivation.
In the most general case of N distinguishable systems,
possibly also different, the Lindblad equation obtained
in our LBA, coincides with the Lindblad equation of
the microscopic derivation only when both the conditions
δEm,En, = δm,n and δEm−En,Ep−Eq = δm,pδn,q are met.
These two conditions ensure that there are no level or
gap degeneracies. Following Ref. [23], these can be inter-
preted as the conditions required for the isolated many-
body system represented by the Hamiltonian H(N) to
be ergodic and mixing, respectively. These conditions
are never satisfied in the case of N > 1 equal systems. In
Appendix B we provide a detailed comparison, also with
numerical examples, between the quantum optical mas-
ter equation, which is the Lindblad equation obtained
in the microscopic derivation when the environment is
a blackbody radiation, and the corresponding Lindblad
equation obtained within our approach.
In the case of indistinguishable noninteracting systems,
even if we exclude accidental degeneracies, in Eq. (22) we
still have extra terms as soon as there are gap degenera-
cies, and it is easy to see that, for bosons, the latter
always occur. An extended analysis of the case of indis-
tinguishable systems will be reported elsewhere.
6IV. CONCLUSION
In conclusion, we have first considered the thermaliza-
tion of arbitrary systems with a nondegenerate spectrum
and in contact with a thermal reservoir. The analysis
is done by using a Lindblad-based approach in which
the Lindblad operators, initially chosen as a completely
general basis set, are next fixed by requiring the exis-
tence of a Gibbs stationary state. This approach al-
lows us to clearly identify two characteristic times τ (P )
and τ (Q), namely, the dissipation and decoherence times,
the largest of which determines the thermalization time.
We have then applied this procedure to ensembles of N
mutually noninteracting subsystems coupled to a black-
body radiation and found explicit formulas for τ (P ) and
τ (Q). For ensembles of distinguishable subsystems, the
approach must be equipped with the phenomenological
condition that the thermalization time should not depend
on the ensemble size N , which leads to complete deter-
mination of the Lindblad operators despite the exchange
degeneracies. The thermalization of N free spins in a
magnetic field, uniform or not, coupled to a blackbody
radiation, has been considered in detail. For this system,
techniques for solving the Lindblad equation like those
in [14] and [15] are inapplicable [24], yet it is straightfor-
wardly and consistently worked out by our approach. An
analysis of the same system within the quantum optical
master equation reveals serious physical inconsistencies.
Appendix A: Lindblad-based approach to
thermalization
Let us denote 〈m|ρ|n〉 = ρm,n and 〈m|H ′|n〉 = H ′m,n,
with H|m〉 = Em|m〉. Equation (1), with the choice of
(2), becomes
dρm,n
dt
=− i
~
∑
k
(
H ′m,kρk,n − ρm,kH ′k,n
)
+
∑
k
(
|`m,k|2 ρk,kδm,n − 1
2
|`k,m|2 ρm,n − 1
2
|`k,n|2 ρm,n
)
. (A1)
On imposing that ρ(eq) = e−βH/tr(e−βH) is a stationary solution of Eq. (A1), we get
0 =− i
~
(
H ′m,ne
−βEn − e−βEmH ′m,n
)
+
∑
k
(
|`m,k|2 e−βEk − |`k,m|2 e−βEm
)
δm,n. (A2)
For m 6= n, since Em 6= En, Eq. (A2) implies that
H ′m,n = 0. We thus infer that H
′
m,n = E
′
mδm,n, with
E′m real as H
′† = H ′. In other words, H ′ is diagonal
in the basis of the eigenvectors of H. We still ignore the
eigenvalues E′m but this is not relevant for determining
the relaxation time to equilibrium.
For m = n, the purely imaginary term on the right-
hand side of Eq. (A2) vanishes and we deduce that the
coefficients `m,n must satisfy the balance condition∑
k
|`m,k|2 e−βEk =
∑
k
|`k,m|2 e−βEm . (A3)
The most general detailed-balance solution of Eq. (A3)
can be written as
|`m,n|2 = Cm,ne−
β
2 (Em−En), (A4)
provided Cm,n = Cn,m ≥ 0.
We conclude that the elements ρm,n of the reduced
density matrix of the system evolve according to the fol-
lowing system of equations
dρm,n
dt
=
[
− i
~
(E′m − E′n)−
1
2
∑
k
(|`k,m|2 + |`k,n|2)] ρm,n +∑
k
|`m,k|2ρk,kδm,n. (A5)
It follows that the evolution of the diagonal components ρm,m is decoupled from that of the off-diagonal elements,
and the latter are also decoupled fromeach other:
dρm,m
dt
= −
(∑
k
|`k,m|2
)
ρm,m +
∑
k
|`m,k|2ρk,k, (A6)
7dρm,n
dt
=
[
− i
~
(E′m − E′n)−
1
2
∑
k
(|`k,m|2 + |`k,n|2)] ρm,n, m 6= n. (A7)
Appendix B: Coupling with blackbody radiation:
Lindblad-based approach vs microscopic derivation
Equation (A5), customized with |`m,n|2 =
Cm,ne
− β2 (Em−En) and the coefficients Cm,n given
in Eq. (10), is the optimal Lindblad equation obtained
within our LBA in the case of coupling with a blackbody
radiation. Explicitly, this equation reads
dρm,n
dt
=− i
~
(E′m − E′n)ρm,n
− 1
2
∑
k
(
Dk,mW˜k,m +Dk,nW˜k,n
)
ρm,n
+
∑
k
Dm,kW˜m,kρk,kδm,n, (B1)
where
W˜m,k = |Em − Ek|3 e
− β2 (Em−Ek)
e
β
2 |Em−Ek| − e− β2 |Em−Ek|
. (B2)
For a system of N qubits, the (squared) dipole matrix
elements Dm,n evaluated in the fully coherent limit are
Dm,n =
4µ2
3~4c3
∑
h=x,y,z
∣∣∣∣∣〈m|
N∑
i=1
σhi |n〉
∣∣∣∣∣
2
. (B3)
Expressions more general than Eq. (B3) can be adopted,
depending on the size of the system; see Ref. [22].
In the microscopic derivation, the coupling of a system
with a blackbody radiation is described by the celebrated
quantum optical master equation [1]; see also [2] for an
alternative derivation. This equation presents some dif-
ferences with respect to the LBA, Eq. (B1). Consider
Eq. (3.206) in Ref. [1], which provides a general quan-
tum optical master equation in the Lindblad operatorial
form and in the interaction picture. Switching to the
Schro¨dinger picture and taking the matrix element of the
corresponding operators between eigenstates |m〉 and |n〉
of the same H considered above, we get
dρm,n
dt
=− i
~
(Em − En)ρm,n
− i
~
∑
k,j
~S(Em − Ek) ∑
h=x,y,z
d
(h)
k,jd
(h)
k,m
 ρj,nδEj ,Em −
~S(En − Ek) ∑
h=x,y,z
d
(h)
k,nd
(h)
k,j
 ρm,jδEj ,En

− 1
2
∑
k,j
 4µ2
3~4c3
∑
h=x,y,z
d
(h)
k,jd
(h)
k,m
 W˜k,mρj,nδEj ,Em +
 4µ2
3~4c3
∑
h=x,y,z
d
(h)
k,nd
(h)
k,j
 W˜k,nρm,jδEj ,En

+
∑
k,j
 4µ2
3~4c3
∑
h=x,y,z
d
(h)
m,kd
(h)
n,j
 W˜m,kρk,jδEk−Em,Ej−En , (B4)
where
S(E) =
2µ2|E|3
3pi~4c3
PV
∫ ∞
0
(
u3
1− e−βEu
1
1− u +
u3
eβEu − 1
1
1 + u
)
du (B5)
and
d(h)m,n = 〈m|
N∑
i=1
σhi |n〉. (B6)
First, we observe that in the quantum optical master
equation the contribution from the Lamb shift Hamilto-
nian is given explicitly by the second line of Eq. (B4).
This term, which in general is not diagonal in the basis
{|m〉} due to the presence of the two Kronecker deltas,
8δEj ,Em 6= δj,m and δEj ,En 6= δj,n, is given in terms of
the Cauchy principal value of the integral (B5). The
integral presents an ultraviolet (u→∞) divergence, pre-
sumably introduced by the approximations used to derive
the quantum optical master equation. To meaningfully
compare Eq. (B4) with Eq. (B1), we neglect the Lamb
shift correction to the levels of H. This amounts to dis-
regarding the entire second line of Eq. (B4) and putting
E′m = Em in Eq. (B1). As far as Eq. (B1) is concerned,
we have proven that such a change does not alter the re-
laxation time to equilibrium, since neither τ (P ) nor τ (Q)
depends on E′m.
If the eigenvalues of H satisfy
δEj ,Em = δj,m (B7)
and
δEk−Em,Ej−En = δk,jδm,n, (B8)
Eq. (B4) reduces to Eq. (B1) with the coefficients Dm,n
evaluated in the fully coherent limit given by Eq. (B3)
To the best of our knowledge, Eq. (B4) is known only in
a formulation compatible with a fully coherent dipole in-
teraction, i.e., a formulation valid when the N qubits are
at reciprocal distances shorter than the radiation lengths
2pi~c/|Em − En|.
If the only condition (B7) is satisfied, Eq. (B4) splits
into a Pauli equation for the M diagonal terms ρm,m,
which is identical to the Pauli equation obtained in the
LBA, and a set of equations for the off-diagonal terms
ρm,n, m 6= n. In fact, in this case, for m = n we
have δEk−Em,Ej−En = δEk,Ej = δk,j and the last line
of Eq. (B4) coincides with the last term of Eq. (B1),
whereas for m 6= n, i.e., Em 6= En, δEk−Em,Ej−En im-
plies that Ek 6= Ej and, therefore, k 6= j. However,
unlike the equations obtained in the LBA, the M(M−1)
equations for the off-diagonal elements of ρ are mutually
coupled. In Fig. 1 we show examples of possible arrange-
ments of four energy levels which satisfy Eq. (B7) but
violate Eq. (B8).
If neither of conditions (B7) and (B8) is satisfied,
Eq. (B4) is a set of M2 linear coupled equations for
the M2 elements ρm,n. The thermalization times can
be found by diagonalizing the Liouvillian
Lm,n;k,j =− i~ (Em − En)δm,kδn,j
− 1
2
∑
q
 4µ2
3~4c3
∑
h=x,y,z
d
(h)
q,kd
(h)
q,m
 W˜q,mδEk,Emδn,j − 12 ∑
q
 4µ2
3~4c3
∑
h=x,y,z
d(h)q,nd
(h)
q,j
 W˜q,nδEj ,Enδm,k
+
 4µ2
3~4c3
∑
h=x,y,z
d
(h)
m,kd
(h)
n,j
 W˜m,kδEk−Em,Ej−En . (B9)
After vectorization, the Liouvillian (B9) is an M2 ×M2
matrix with a zero eigenvalue, possibly degenerate, and
with complex eigenvalues with negative real parts. The
dissipation time can be defined as τ (P ) = −1/µ, where µ
is a real eigenvalue, possibly degenerate, with the small-
est non zero modulus. The decoherence time can be ob-
tained as τ (Q) = −1/Reµ, where µ is an eigenvalue,
possibly degenerate, having nonzero imaginary part and
real part with the smallest absolute value. For systems
with nondegenerate levels but degenerate gaps, this defi-
nition coincides with that obtained considering the sepa-
rate equations for the diagonal and off-diagonal elements
of ρ.
As an example of the differences which can emerge
between the solutions of the master equations obtained
within the microscopic approach and those obtained wi-
hin our LBA, we have considered systems of N free spins
immersed in a magnetic field, uniform or not, described
by the Hamiltonian
H = −
N∑
i=1
Γiσ
x
i . (B10)
The LBA thermalization times can be found analytically,
namely,
τ (P ) = max
i=1,...,N
tanh(βΓi)
2γ (2Γi)
3 , (B11)
τ (Q) = max
i=1,...,N
γ (2Γi)3 cosh(βΓi)
sinh(βΓi)
+
∑
k 6=i
γ (2Γk)
3 e
−βΓk
sinh(βΓk)
−1 . (B12)
In the uniform case Γi = Γ, the spectrum of H is
degenerate and has gap degeneracies, i.e., neither of the
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FIG. 1. (Color online) Two possible arrangements of the four
energy levels Em, En, Ej , and Ek = Em−En+Ej , providing
terms of Eq. (B4) extraneous to Eq. (B1). Here, we have
assumed a non-degenerate spectrum with gap degeneracies
(vertical double-arrows), and m 6= n.
conditions (B7) and (B8) is satisfied. The numerical diag-
onalization of the Liouvillian, (B9), reveals a multiplicity
of zero eigenvalues which increases with N , as well as, a
dissipation time depending on N and a decoherence time
not decreasing as 1/N . These features are in conflict with
properties (p1)–(p3) and the explicit results of Eqs. (B11)
and (B12).
In the nonuniform case, the differences between the
LBA and the microscopic approach are milder. The spec-
trum of H is, in general, nondegenerate but has gap de-
generacies, due to a parity symmetry. The numerical
diagonalization of the Liouvillian, (B9), reveals a unique
zero eigenvalue, a dissipation time equal to that obtained
from our Eq. (B1), but a decoherence time still not de-
creasing as 1/N , at least for the small N explored. In
Table I we detail the results obtained for a magnetic field
with oscillating strength Γi = 1 + sin((i− 1)pi/
√
2)/2.
ACKNOWLEDGMENTS
M.O. acknowledges the Coordenac¸a˜o de Aper-
feic¸oamento de Pessoal de Nı´vel Superior (CAPES),
Brasil, for its PNPD program.
[1] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, 2002).
[2] G. Schaller, Open Quantum Systems Far from Equilib-
rium (Lecture Notes in Physics) (Springer, 2014).
[3] E. Farhi, J. Goldstone, S. Gutmann, J. Lapan, A. Lund-
gren, and D. Preda, “A quantum adiabatic evolution al-
gorithm applied to random instances of an NP -complete
problem,” Science 292, 472–475 (2001).
[4] C. R. Laumann, R. Moessner, A. Scardicchio, and S. L.
Sondhi, “Quantum annealing: The fastest route to quan-
tum computation?” The European Physical Journal Spe-
cial Topics 224, 75–88 (2015).
[5] F. Ticozzi and L. Viola, “Quantum resources for purifica-
tion and cooling: fundamental limits and opportunities,”
Scientific Reports 4, 5192 EP – (2014), article.
[6] G. Lindblad, “On the generators of quantum dynamical
semigroups,” Communications in Mathematical Physics
48, 119–130 (1976).
[7] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan,
“Completely positive dynamical semigroups of N -level
systems,” Journal of Mathematical Physics 17, 821–825
(1976).
[8] H. Grabert, “Nonlinear relaxation and fluctuations of
damped quantum systems,” Zeitschrift fu¨r Physik B Con-
densed Matter 49, 161–172 (1982).
[9] H. Grabert and P. Talkner, “Quantum Brownian mo-
tion,” Phys. Rev. Lett. 50, 1335–1338 (1983).
[10] It has been demonstrated that this condition is certainly
met in the limit of weak coupling between system and en-
vironment [25], or when the system is coupled to an infi-
nite free boson bath with Gaussian correlation functions
having a vanishing decay time [26]. It follows that for the
specific environment we consider here, namely, blackbody
radiation, the use of a Lindblad equation seems well jus-
tified due to both the weakness of the electromagnetic
coupling constant and the almost-complete incoherence
of the thermally equilibrated electromagnetic modes [27].
[11] G. Jona-Lasinio, C. Presilla, and C. Toninelli, “In-
teraction induced localization in a gas of pyramidal
molecules,” Phys. Rev. Lett. 88, 123001 (2002).
[12] C. Presilla and G. Jona-Lasinio, “Spontaneous symme-
try breaking and inversion-line spectroscopy in gas mix-
tures,” Phys. Rev. A 91, 022709 (2015).
[13] S. Boixo, T. F. Ronnow, S. V. Isakov, Z. Wang,
D. Wecker, D. A. Lidar, J. M. Martinis, and M. Troyer,
“Evidence for quantum annealing with more than one
hundred qubits,” Nat Phys 10, 218–224 (2014), article.
[14] T. Prosen, “Third quantization: a general method to
solve master equations for quadratic open fermi systems,”
New Journal of Physics 10, 043026 (2008).
[15] T Prosen and T. H. Seligman, “Quantization over boson
operator spaces,” Journal of Physics A: Mathematical
and Theoretical 43, 392004 (2010).
[16] T. Macr`ı, M. Ostilli, and C. Presilla, “Thermalization of
the lipkin-meshkov-glick model in blackbody radiation,”
Phys. Rev. A 95, 042107 (2017).
[17] M. Ostilli and C. Presilla, “Thermalization times of quan-
tum many body systems. A Lindblad-based approach,”
in preparation.
[18] P. Pearle, “Simple derivation of the Lindblad equation,”
European Journal of Physics 33, 805 (2012).
[19] A. S. Davydov, Quantum mechanics, 2nd ed. (Pergamon
Press, Oxford, 1985).
[20] R. Alicki and K. Lendi, Quantum Dynamical Semigroups
and Applications (Lecture Notes in Physics) (Springer,
2007).
[21] W. Pauli, Festschrift zum 60. Geburtstage A. Sommerfeld
(Hirzel, Leipzig, 1928).
[22] M. Ostilli and C. Presilla, “Fermi’s golden rule for N -
body systems in a blackbody radiation,” Phys. Rev. A
10
TABLE I. Thermalization of a system of N free spins immersed in a nonuniform magnetic field and coupled to a blackbody
radiation at inverse temperature β = 1. The Hamiltonian of the isolated system is given by Eq. (B10), with Γi = 1 +
sin((i− 1)pi/√2)/2. As a function of the size N , we report τ (P ) and τ (Q) evaluated from the analytical (columns 2 and 3) and
numerical (columns 4 and 5) solution of our LBA Eq. (B1) and from the numerical solution of the quantum optical master
equation (QOME) (columns 7 and 8). Columns 6 and 9 show the cpu time used to execute the LBA and QOME codes,
respectively. The LBA code corresponds, essentially, to the diagonalization of a 2N × 2N sparse matrix. With the computer
memory at our disposal (16 GB), we cannot execute this code for N > 13. In the QOME case, the matrix has dimensions
22N × 22N and we have to stop at N = 6. Note that, as expected, τ (P ) tends to a constant for N →∞, whereas τ (Q) decreases
as 1/N for N large. The latter behavior is not reproduced by the QOME.
LBA LBA numerical QOME numerical
N τ (P ) τ (Q) τ (P ) τ (Q) cpu time (s) τ (P ) τ (Q) cpu time (s)
1 0.04760 0.09520 0.04760 0.09520 0.002 0.04760 0.09520 0.002
2 0.04760 0.07493 0.04760 0.07493 0.002 0.04760 0.09520 0.002
3 0.21406 0.13016 0.21406 0.13016 0.002 0.21406 0.42813 0.006
4 0.21406 0.09589 0.21406 0.09589 0.003 0.21406 0.42813 0.411
5 0.21406 0.07560 0.21406 0.07560 0.006 0.21406 0.42813 84.22
6 0.22800 0.06989 0.22800 0.06989 0.022 0.22800 0.45600 5696
7 0.22800 0.05833 0.22800 0.05833 0.111
8 0.22800 0.05058 0.22800 0.05058 0.546
9 0.22800 0.04733 0.22800 0.04733 3.789
10 0.22800 0.04172 0.22800 0.04172 28.25
11 0.22800 0.03809 0.22800 0.03809 229.3
12 0.22800 0.03573 0.22800 0.03573 1839
13 0.22800 0.03245 0.22800 0.03245 20411
100 0.23104 0.004433
1000 0.23106 0.0004455
10000 0.23106 0.00004457
100000 0.23106 0.000004458
94, 032514 (2016).
[23] D. Zhang, H. T. Quan, and B. Wu, “Ergodicity and
mixing in quantum dynamics,” Phys. Rev. E 94, 022150
(2016).
[24] One can see this by using a Jordan-Wigner transforma-
tion. At most two components of each spin are mapped
into expressions linear into creation and annihilation
fermionic operators, while the third spin component is
expressed as a product of these creation and annihilation
operators. It then follows that the Lindblad operators
representing the dipole interactions of the electromag-
netic field with the three spin components are not linear
in the creation and annihilation fermionic operators as
required in [14].
[25] E. B. Davies, “Markovian master equations,” Comm.
Math. Phys. 39, 91–110 (1974).
[26] V. Gorini and A. Kossakowski, “N -level system in con-
tact with a singular reservoir,” Journal of Mathematical
Physics 17, 1298–1305 (1976).
[27] C. L. Mehta and E. Wolf, “Coherence properties of black-
body radiation. I. Correlation tensors of the classical
field,” Phys. Rev. 134, A1143–A1149 (1964).
